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Objectives-Motivation

• Develop methods for handling redundancy in the process of modeling,
simulation and analysis of musculoskeletal systems
• Musculoskeletal systems are redundant, i.e., there are more Degrees of

Freedom (DoFs) required to perform certain tasks and each DoF is
actuated by multiple muscles
• This over-availability poses numerous challenges in the process of

modeling and simulation that can negatively affect the validity of the
models and the obtained results

Problem Statement

• Muscle forces fm and generalized forces τ are related through the moment
arm matrix R
• The moment arm matrix is non-square (more muscles than joints)
• The generalized forces can be determined uniquely from the muscle forces
• The inverse problem leads to an underdetermined system of equations, where

an optimization is solved to find a unique solution
• However, it is unknown which is the true objective function employed by the

central nervous system
• This assumption can hinder the validity of the obtained results (e.g., muscle

forces, joint reaction forces, limb stiffness, etc.)
• The proposed method firstly presents a model that accounts for the

redundancy effect based on the theory of null space projection
• A method for calculating the feasible muscle forces that satisfy the motion

and physiological muscle constraints is

τ = −RTfm

minimize
am

f (am)
subject to −RTfm(am) = τ

0 � am � 1
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Modeling Redundancy Using Null Space Projection

• Suppose that our system has only three muscles and two DoFs
• If we know the generalized forces from inverse dynamics, we can calculate a

particular solution of muscle forces f ‖m = −R+Tτ (always on the plane)
• The question is how to model all the solutions of muscle forces whose

projection of which on the plane coincide
• We can account for the solutions that are perpendicular to the plane
f⊥m = NRfm0, where NR represents the null space of the moment arm
matrix and fm0 an arbitrarily selected vector
• The family of solutions that satisfy the motion is the sum of the two
fm = f ‖m + f⊥m
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f⊥m−RTfm = τ

Assuming the simplest possible muscle model and without loss of generality, we
can impose bounds (physiological muscle constraints) on the possible solutions
of fm0 in the form of linear inequalities

fm = fmax
m ◦ am (0 � am � 1)

= f ‖m +NRfm0 (0 � am � 1)−NR

NR

fm0 �
 f ‖m
fmax

m − f ‖m


Z(NR)fm0 � β(�,�)

where am ∈ Rm represents a vector of muscle activations, fmax
m ∈ Rm a vector

specifying the maximum muscle forces and ◦ the Hadamard (elementwise) prod-
uct. The null space muscle forces fm0 lie in a convex and bounded polytope.
The process for obtaining the feasible muscle forces is outlined below:
Step 1: Calculate the particular muscle forces f ‖m that satisfy the movement
(e.g., from inverse dynamics)

f ‖m = −R+Tτ

Step 2: Sample the inequality for the null space muscle forces fm0, using vertex
enumeration techniques

Zfm0 � β
Step 3: Calculate the feasible muscle forces f⊕m

f⊕m =
{
f ‖m +NRf

i
m0, ∀i

}

Results

The importance of evaluating the feasible muscle forces is demonstrated in the
context of joint reaction analysis using an anatomically realistic full body model.
An accurate estimation of the muscle forces is essential for the assessment of
joint reaction loads. Consequently, the null space contributions can significantly
alter the reaction forces without affecting the movement.

Figure 1: The normalized (with respect to body weight) reaction loads on the knee joint during
walking are reported along with the heel strike and toe-off events. The shaded areas are the
feasible reaction forces as attributed to the null space solutions of muscle forces. The red dotted
line are the results obtained from OpenSim. The large range in the reaction loads confirms that
misinterpretation of the results is possible if the null space solutions are ignored.

Concluding Remarks

• Modeling musculoskeletal redundancy using the theory of null space
• Perform feasibility studies that satisfy both the motion and the physiological

muscle constraints
• Misinterpretation of results is possible if the null space solutions are ignored
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